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Reliability engineeringAbstract Modeling of permanent magnet (PM) is very important in the process of electromagnetic
system calculation of aerospace electromagnetic relay (AEMR). In traditional analytical calcula-
tion, PM is often equivalent to a lumped parameter model of one magnetic resistance and one mag-
netic potential, but great error is often caused for the inner differences of PM; based on the
conception of ﬂux tube, a type of 2D magnetic equivalent circuit framework of permanent magnet
model (2D MECF) is established; the element is deﬁned, the relationship between elements is
deduced, and solution procedure as well as veriﬁcation condition of this model is given; by a case
study of the electromagnetic system of a certain type of AEMR, the electromagnetic system calcu-
lation model is established based on 2D MECF and the attractive force at different rotation angles
is calculated; the proposed method is compared with the traditional lumped parameter model and
ﬁnite element method (FEM); for some types of electromagnetic systems with symmetrical struc-
ture, 2D MECF proves to be of acceptable accuracy and high calculation speed which ﬁt the
requirement of robust design for AEMR.
ª 2015 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.1. Introduction
Permanent magnet (PM) is widely used in electro-mechanical
devices such as aerospace electromagnetic relay (AEMR).The system has a strict reliability requirement with AEMR.1
And the robust design is an effective way to promote the reli-
ability of AEM.2 In this process, massive calculation is carried
out for the static force or torque calculation of AEMR. There
are mainly two methods: ﬁnite element method (FEM) and
magnetic equivalent circuit method (MEC)3 FEM has a
high-level accuracy but often costs a lot of time. MEC has
the superiority in its calculation speed but disadvantages in
accuracy. This problem appears more serious in the device
which contains permanent magnet (PM).4 If the accuracy
can be improved and remain its fast calculation speed, MEC
Fig. 1 Deﬁnition of ﬂux tube.
Fig. 2 Element of PM equivalent magnetic framework.
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design mission more suitable.
PM has the characteristics of misalignment between its
recoil line and demagnetization curve after serious analysis.
Different parts of PM have different magnetic characteristics.
That is mainly reﬂected in that the section magnetic ﬂux of dif-
ferent parts in permanent magnet varies greatly and the work-
ing point also varies in different parts. So the equivalence
model of PM is quite important and has a great inﬂuence on
the accuracy of the calculation results.5,6
Numerous scholars have made studies of the application
of inner difference and magnetic circuit equivalent method
of PM especially in AEMR. The core purpose is to solve
the problem of insufﬁcient accuracy of electromagnetic sys-
tem analytical calculation caused by PM equivalent model.
In the calculation of electromagnetic system which contains
PM, it is often regarded as a whole part and it is considered
that there is only one working point in PM and it operates on
one stable recoil line,7–10 but actually magnetic property dis-
tribution inside the PM is inconsistent.11 When the magnetic
system containing PM is analyzed, MEC has the superiority
in its calculation speed but has disadvantages in accuracy
compared with FEM.12 In terms of appearance, leakage per-
meance in magnetic circuit calculation brings about great
error to the calculation results.13 So multiple studies have
been done aimed at various improved calculation methods
of leakage permeance.14 In fact, only basic research directed
at PM modeling can fundamentally improve the entire calcu-
lation accuracy.15
Some scholars referred to the idea of mixing magnetic cir-
cuit equivalence to inﬁnitesimal element in the original
FEM.16They established the solution equation for calculation
by extending equivalence from the hexahedron central point
to various surfaces. Others adopted similar method to increase
the calculation accuracy by the solution procedure of simpli-
ﬁed FEM via equivalent magnetic circuit.17,18 When the elec-
tromagnetic system, dimension or the material of permanent
magnet changes, artiﬁcial division and model have to be re-
constructed. PM is the kernel part of a magnetic system and
there is no special model for PM. Some work about PM divi-
sion method which are different from traditional MEC has
also been studied.19,20
In this paper, a type of two-dimension magnetic equivalent
circuit framework of permanent magnet model (2D MECF) is
established, the element is deﬁned and the solution procedure
of this model is analyzed; by a case study of the electromag-
netic system of a certain type AEMR, the electromagnetic sys-
tem calculation model is established based on 2D MECF and
the static force at different rotation angles is calculated; tradi-
tional lumped parameter model and FEM model are built to
verify the validity.
2. 2D magnetic equivalent circuit framework
2.1. Flux tube
The basic principle of EMC solution comes from the basic
principle of electrical circuit. PM is often equivalent to one
magnetic resistance and one magnetic potential in EMC
method. The magnetic circuit equations for the whole model
of electromagnetic system are found. The foundation ofEMC is Gauss theorem and the Ampere circuital theorem
(Kirchhoff Voltage Law) which is based on Gauss theorem.
In the process of modeling, the parameters of every tiny
part are deﬁned by ﬂux tube. The ﬂux tube refers to a ﬂux ﬂow
path. The vector which is composed of two end points deﬁnes
magnetic potential U, and ﬂux / follows the lines which cross
the end points (see Fig. 1).
The permeance of this ﬂux tube is deﬁned as
G ¼ /12
u1  u2 ¼ 1
Z l
0
1
lðu; xÞAðxÞdx

ð1Þ
where u1 and u2 are the magnetomotive forces, /12 is the ﬂux
through the tube, x the variable of integration alone the ﬂux
tube length l, function l (u, x) the ﬂux tube function (assuming
that it is a function associated with magnetic potential and
position, and continuous integrable), and A(x) the expression
of x–z section plane of ﬂux tube.
In the modeling process, G has different expressing forms.
For air and soft magnet, G can be solved directly, but for
the source such as electromagnetic coil and PM, G can be
expressed by outer parameters such as magnetic potential,
MMF .etc whose reasonability can be deduced by Eq. (1).
2.2. Model of PM potential element
The main reason of great calculation error caused by lumped
parameter model is the distribution feature of PM itself. So
the suitable way to increase the accuracy is to subdivide
the PM. Base on the basic principle of ﬂux tube, the mag-
netic circuit model can be expressed by a new analytical
model.
The element of PM equivalent magnetic framework is
shown in Fig. 2. In the element, /i;/i1 represent the main ﬂux
alone the magnetization direction which holds plenty of per-
centage of ﬂux value; /s1 , /s2 , /s3 , /s4 represent the ﬂank ﬂux;
s represents the section area; Ui, Ui1 represent the magnetic
270 H. Liang et al.potential relative to datum point. For most PM which has reg-
ular geometry and normal magnetization way, there is a sym-
metry axis. The datum point can located at the center of this
axis.
For the front and back section, the average section ﬂux can
be obtained by Bi ¼ /i=S and Bi1 ¼ /i1=S where S repre-
sents the value of section area. The average magnetic ﬂux den-
sity Bi can be deﬁned as Bi ¼ ðBi  Bi1Þ=2 (for enough
element division it is obviously right). Correspondingly the
average magnetic ﬁeld intensity Hi can be obtained by the fea-
ture of PM––demagnetization curve.
For most situations, main ﬂux is predominant. The other
sides’ ﬂux is relatively less and has little impacts on magnetic
attractive force (torque). So the 3D element model can be
simpliﬁed to 2D framework model which is located in the
direction of main ﬂux. For the leakage ﬂux of the third dimen-
sion, the calculation error can be compensated by supplement
of the leakage permeance.2.3. Relationship between elements and mathematical model
The relationship between elements needs to be deﬁned before
the framework is built. The division is carried out in the direc-
tion of the place where the most magnetic ﬂux variation
occurs––magnetization direction. For regular shape PM (rect-
angle cylinder and sector), there is a feature that the magnetic
parameters are symmetrical. The relationship between ele-
ments is deﬁned based on this feature.
Given the length of the bar nonlinear permanent magnet L
and section area A, the relationship of a pair of two elements is
shown in Fig. 3.
The PM bar is divided into n pairs of elements alone the
direction of magnetization where the length of the element is
li and the distance between the out edge of each pair of element
is Li. For any element pair i in Fig. 3, between its two sub-seg-
ments which are i ði 1Þ and i0–ði 1Þ0, magnetic ﬂux of the
inner side surface ði 1Þ–ði 1Þ0 is /i1; and magnetic poten-Fig. 3 Relationship between a paitial is Ui1; magnetic ﬂux of the outer side surface i–i0 is /i
and magnetic potential is Ui. The magnetic potential increment
of this segment DUi is
DUi ¼ Ui Ui1 ð2Þ
The average magnetic ﬂux /i and average magnetic ﬂux den-
sity Bi of this element pair are
/i ¼
1
2
ð/i1 þ /iÞ ð3Þ
Bi ¼ /i
A
¼ 1
2
ðBi1 þ BiÞ ð4Þ
where Bi ¼ /i=A, Bi1 ¼ /i1=A; A represents the value of sec-
tion area of PM element. According to the PM demagnetiza-
tion curve B= f(H), the corresponding magnetic ﬁeld
intensity of Bi is Hi; so the magnetic potential increment of ele-
ment pair i is
DUi ¼ Hili ð5Þ
Therefore
Ui1 ¼ ðH1l1 þH2l2 þ :::þHi1li1Þ ¼ 
Xj1
f¼1
Hflf ð6Þ
Considering Eqs. (2), (5) and (6), average magnetic potential
Ui of element i has two equal expressions
Ui ¼ 1
2
ðUi1 þUiÞ ¼
Ui1 þ 1
2
DUi ¼ ð
Xi1
f¼1
Hflf þ 1
2
HiliÞ
Ui  1
2
DUi ¼ ð
Xi
f¼1
Hflf  1
2
HiliÞ
8>>><
>>>:
ð7Þ
The leakage permeance of the element is
dGsi ¼ l0gsiðxÞdx ð8Þ
where l0 is the permeability of air, gsiðxÞ is the relative leakage
permeance. According to Eq. (6), magnetic leakage ﬂux /si isr of PM elements in 2D MECF.
Fig. 4 Electromagnetic structure of a certain type of AEMR.
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Z
l
2
d/si ¼
1
2
l0
Z l
2
0
UigsiðxÞdx ¼
Gið
Xi1
f¼1
Hflf þ 1
2
HiliÞ
Gið
Xi
f¼1
Hflf  1
2
HiliÞ
8>>><
>>>:
ð9Þ
For /i1 ¼ /i þ /si ; combined with Eqs. (3), (4), (9), it can be
deduced that
Bi  Bi ¼ Bi1  Bi ¼  Gi
2A
ð
Xi1
f¼1
Hflf þ 1
2
HiliÞ ð10Þ
For the ﬁrst pair, i= 1, it can be gained according to Eq. (8)
that
B1 ¼ B1 þ G1
4A
H1l1 ð11Þ
Thus, the entire mathematical model of element pairs is sum-
marized in Eq. (12).
In the practical modeling process, the magnetic ﬁeld line
division method is used especially for an open circuit PM:
B1 ¼ B1 þ G1
4A
H1l1
Bi1  Bi ¼  Gi
2A
Xi1
f¼1
Hflf þ 1
2
Hili
 !
Bi ¼ 2Bi  Bi1
Bi ¼ fðHiÞ
8>>>><
>>>>:
ði ¼ 2; 3; . . . ; nÞ
ð12Þ
Table 1 Conﬁguration parameters of AEMR.
Symbol Quantity Value
l Length of armature 20 mm
u Air gap 1.0 mm
Sa Section area of armature 5.94 mm
2
Sy Section area of yoke 8.1 mm
2
hm Maximum rotation angle 5.482.4. End veriﬁcation condition
The whole solution process is determined by initial value and
the correctness is tested by end veriﬁcation condition. The
actual end veriﬁcation condition is related to the actual mag-
netic system. End veriﬁcation condition of a series of element
pairs of PM model is
B0n ¼
GendUn
A
¼ Gend
A
ðH1l1 þH2l2 þ :::þHnlnÞ ð13Þ
where Gend represents the end leakage permeance which can be
calculated by the equivalent spherical pole calculation
theory.21,22
3. Application of 2D MECF in electromagnetic system of
AEMR
3.1. Electromagnetic system of AEMR
The 2D MECF method is applied to a certain type of AEMR
to build the model of magnetic system and calculate the attrac-
tive force.
The experimental model of an AEMR and its structure are
shown in Fig. 4 (the coils on the two iron cores have not been
assembled).The permanent magnet is rectangle bar whose
magnetization direction is alone the length. The yoke pillar
and the base are made of soft magnet material.
This type of AEMR has the feature of symmetry and its
structure parameters are shown in Table 1.According to the distribution feature of PM magnetic
ﬁeld, the whole 2D plane can be divided into four
regions:
(1) Region I. Center of the PM bar (magnetic ﬁeld lines are
rare).
(2) Region II. Middle of the PM sides (magnetic ﬁeld lines
are little and ﬂow through the yoke and PM).
(3) Region III. Terminal of the PM sides (magnetic ﬁeld
lines are intensive and ﬂow through the yoke, thin gap
and PM).
(4) Region IV. Outer area. Each region can be divided
into any number of elements according to speciﬁc
calculation requirement. It can be found that this
division method is reasonable especially when investi-
gating the distribution of 2D FEM magnetic ﬁeld
lines. The region division sketch map is shown in
Fig. 5.
The demagnetization curve of PM and the magnetization
curve of soft magnet are shown in Fig. 6.
Fig. 6 Demagnetization curve of PM and magnetization curve
of soft magnet.
Fig. 7 Division of PM in magnetic system.Fig. 5 Region division of electromagnetic system.
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Region I and II will be divided equally and Region III will be
ﬁne divided into elements. According to the ﬂux tube closed
way, elements will be set for two types: leakage ﬂux ﬂows via
the soft magnet and leakage ﬂux ﬂows via only the air.
The division is shown in Fig. 7. The leakage ﬂux of element
pair 1 10 closes via the air and element pair ð2 20Þ–ð6 60Þ
closes via soft magnet.
(1) For element pair 110, the ﬂux closes from PM to air
and back to PM. According to the model shown in Sec-
tion 2.3, the equations are summarized asD/i ¼ /i1  /i
D/i ¼ GiUi
Ui ¼ Hili
Bi  Bi1 ¼ D/i=Sa
Bi ¼ ðBi þ Bi1Þ=2
8>>>>><
>>>>>>:
ð14Þ
where Bi, Bi and Hi, Hi satisfy the demagnetization function
B ¼ fðHÞ .
From Eq. (14) it can be deduced that
BiSa  Bi1 Sa ¼ GiHili ð15Þ
So there is
ðBi  Bi1ÞSa ¼ GifðBi=2þ Bi1=2Þli ð16Þ
where section Sa and the leakage permeance Gi are known, an
initial value ofB1 can solve aB
0
n, and the end conditionwill verify
the value ofB0n; if jBn  B0nj > e (e is set as error value),B1 should
be reassigned and solution process repeats till jBn  B0nj 6 e .
Leakage permeance is obtained using analytical method.
The leakage permeances use the sum form which considers
the leakage ﬂux of the third dimension. The formula in this
magnetic system is
Gi ¼
X
Giðx;yÞ þ
X
Giside ð17Þ
Giðx;yÞ ¼ l0
Z
x
Z
y
dSsiðx; yÞ
lsiðx; yÞ
ð18Þ
where Gi represents leakage permeance of element pair i, Giðx;yÞ
the leakage permeance in x-y plane, Giside the inclined-side
leakage permeance, Ssiðx; yÞ the equivalent area of ﬂux tube
and lsiðx; yÞ the equivalent length of ﬂux tube.
(2) For element pair (220)–(660), the ﬂux closes from PM
to soft magnet and to PM. The framework of model is
shown in Fig. 8.
In Fig. 8 Gja and Gjb represent the air leakage permeance of
each element pair (when armature rotates, permeance of air
gap, ﬂux of air gap, permeance of soft magnet and the end
leakage permeance can be divided into up and down parts, dis-
tinguished by the ‘‘0’’, in which j= 2, 3, 4, 5, 6); GjaFe, GjbFe
represent soft magnet permeance; in this framework
GjaFe ¼ G0jaFe, GjbFe ¼ G0jbFe, Gja ¼ G0ja and Gjb ¼ G0jb; UI repre-
sents the magnetic potential of the coil.
Fig. 8 MECF model of element pair ð2 20Þ–ð6 60Þ.
Fig. 10 Sketch map of force calculation.
A type of 2D magnetic equivalent circuit framework of permanent magnet for magnetic system in AEMR 273The equations are summarized as
D/j ¼ /j1  /j
D/j ¼ /ja þ /jb
Uj ¼ Hjlj
Bj  Bj1 ¼ D/j=Sa
Bj ¼ ðBj þ Bj1Þ=2
8>>><
>>>:
ð19Þ
The main difference is the change of D/j compared with Eq.
(14). The average magnetic potential is
Uj ¼ /ja=Gja þ /ja=GjaFe þ /jb=Gjb þ /jb=GjbFe ð20Þ
For uniform material, it can be deduced that
/ja ¼ GjaFeUjaFe
UjaFe ¼ HjaFeljaFe
BjaFe ¼ fFeðHjaFeÞ
/ja ¼ BjaFeSy
8>><
>>:
ð21Þ
where fFe is the magnetization curve formula of soft magnet.
For GjbFe there is also a similar formula to Eq. (21).
When IW= 0 the magnetic potential is nearly zero, that is
UI = 0. Simulcast Eqs. (19)–(21), the solution formula can be
deduced:
D/=Gja þ ljaFef1Fe ðD/=SyÞþ
D/0=Gjb þ ljbFef1Fe ðD/0=SyÞ þ ljf1ð
P
/=SyÞ ¼ 0
ð22ÞFig. 9 AEMR electromagnewhere D/¼ðBj1SyBjSyÞ=ð1þGja=GjbÞD/0 ¼ðBj1SyBjSyÞ=
ð1þGjb=GjaÞ
P
/¼ðBj1SyþBjSyÞ=2. Gja and Gjb can be
obtained by analytical method. lj, ljaFe, ljbFe and Sy are known.
So the parameter Bj can be solved.
(3) MECF of magnetic system
Based on the analysis above, the whole 2D MECF model
of the magnetic framework model of AEMR is shown in
Fig. 9.
3.3. Solving of total torque
The force of each element pair of PM armature can be calcu-
lated by Maxwell electromagnetic force formulas. Adding with
each element’s torque, the attractive force of PM armature can
be calculated. There is an assumption that the magnetic ﬂux
density of each subsection surface is uniform (especially under
large subsection number). After the iteration of magnetic ﬂux
density solving, the attractive force can be calculated using the
formulas below:
F1i ¼ ðD/1iÞ2=ð2l0S1iÞ
F2i ¼ ðD/2iÞ2=ð2l0S2iÞ
(
ð23Þ
where S1i and S2i represent the area of each subsection that
ﬂux ﬂows through.
The force calculation sketch map is shown in Fig. 10.
For the symmetrical air gap in bridge magnetic system
mentioned above, the total torque of one side Moneside can be
calculated astic system MECF model.
Fig. 13 3D distribution of magnetic ﬁeld intensity of each
element at different angles IW= 0.
274 H. Liang et al.Moneside ¼
Xn
i¼1
2ðF1id1i  F2id2iÞ ð24Þ
where d1i and d2i represent the torques to the center of F1i and
F2i. When the rotation angle is not equal to 0, there is d1i–d2i.
3.4. Comparison and analysis of the results
The range of the rotation angle of this electromagnetic system
is 5.48 to 5.48 For its symmetrical structure, rotation range
of 0–5.48 need to be calculated.
To compare with the results of 2D MECF, MEC model of
this AEMRis also built. The magnetic circuit is shown in
Fig. 11 where R1 and R2 represent the magnetic resistance of
armature air gap; R01 and R
0
2 represent the magnetic resistance
of armature air gap (opposite side); FPM represents the equiv-
alent magnetic potential of PM armature, RPM the equivalent
magnetic resistance of PM armature, and RSB the resistance of
the base; RSR and RSL represent the magnetic resistance of left
and right sides of soft magnet material;.
FEM model is also built to verify the calculation results.
The 3D FEM and 2D FEM magnetic ﬂux intensity distribu-
tion sat 5.4 are shown in Fig. 12. The number of 3D FEM
model elements is 22173.
On the software platform of Matlab, the attractive force of
the 2D MECF model of AEMR shown in Fig. 9 is calculated
under zero ampere-turn. The method of Newton–Raphson is
adopted to solve the parameters of 2D MECF model.Fig. 11 MEC model of AEMR.
Fig. 12 FEM magnetic ﬂuFig. 13 shows the 3D distribution of magnetic ﬁeld intensity
of each element at different angles when IW= 0.
With the increase of rotation angle, the value of magnetic
ﬁeld intensity from center to end of PM is getting small. The
graph of model results varies smoothly in Fig. 13.
The attractive force calculation results and the error con-
trast 3D FEM are shown in Table 2.
The MEC, 2D MECF, 2D FEM and 3D FEM calculation
results are shown in Fig. 14.x intensity distribution.
Table 2 Calculation results of 2D MECF, MEC and FEM.
Rotation
angle ()
MEC
(N)
2D FEM
(N)
2D MECF
(N)
3D FEM
(N)
1.0 0.0917 0.0316 0.0296 0.0324
2.0 0.2168 0.0925 0.0753 0.0819
3.0 0.3676 0.1901 0.1403 0.1577
4.0 0.6198 0.3094 0.2627 0.2782
4.5 0.8321 0.4721 0.4054 0.3788
5.0 1.1385 0.7030 0.6112 0.5391
5.4 1.4746 1.0279 0.7577 0.7413
Max error 165% 38.7% 13.4%
Average error 133.3% 19.5% 7.99%
Fig. 14 Comparison of MEC, 2D MECF and FEM calculation
results.
Fig. 15 Comparison of 2D MECF and FEM model
under ± 120At.
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parameter equivalent magnetic circuit method and 2D FEM,
the calculation results of 2D MECF approximate the calcula-
tion results of 3D FEM to a larger extent. Compared with 3D
FEM the maximum error is 13.4% and the average calculation
error of 2D MECF is 7.99%.
The ﬁtting curve is given according to the FEM results and
2D MECF results. From Fig. 14 it can be drawn that the 2D
MECF results approximate the calculation results of 3D FEM
and the overall trend are similar. The reason for error is
analyzed:
(1) The end leakage permeance of 2D MECF when rotation
angle is big is not accurate enough, which leads to the
error of force calculation.
(2) The number of elements in the model above is small and
more subsections will bring upgrade of the accuracy.
For the ampere-turns of IW=±120, the results of 2D
MECF and 3D FEM model are compared in Fig. 15.
The maximum error is 15.9% andthe average error of 2D
MECF is 8.65% compared with FEM model under the action
ampere-turns.
About the calculation time, the situation of IW= 0 is
taken for example. In the same PC hardware and Matlabprogramming environment, it takes less than 1 s for calcula-
tion via traditional equivalent magnetic circuit model, less than
5 s for calculation via 2D MECF model, 56 s for calculation
via 2D FEM (number of element: 9877), and 1200 s for calcu-
lation via 3D FEM (number of element: 22173), and the time
required by 2DMECF model is far less than 3D FEMmethod.
4. Conclusions
1) According to the fundamental principle of ﬂux tube, the
deﬁnition of 2D MECF element has been presented; the
parameters of this element have been deﬁned, the rela-
tionship between pairs of elements have been provided,
the whole mathematical model has been summarized
and the solution procedure of this model has been
analyzed.
2) The 2D MECF has been adopted to a certain type of
AEMR which contains PM. The PM element region
has been divided; the 2D MECF model of the magnetic
system has been built; the parameters of PM elements at
different angles and different ampere-turns have been
solved; the attractive force of the armature has been cal-
culated; compared with 3D FEM when IW= 0 the
maximum error is 13.4% and the average error of 2D
MECF is 7.99%; when IW=±120 the maximum error
is 15.9% and the average error of 2D MECF is 8.65%.
3) Compared with the 3D FEM, 2D FEM and MEC
results, 2D MECF results are consistent with 3D FEM
results to a large extent, and the time cost is much less
than 3D FEM. The characteristics of high calculation
speed and moderate accuracy of 2D MECF can provide
different thoughts for rapid modeling and parameters’
design process for electromechanical devices which
belong to some type of symmetrical structure AEMR
and contain PM.
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